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a b s t r a c t
Lugo’s constant L given by
L = −1
2
− γ + ln 2
is defined as the limit of the sequence (Ln)n∈N defined by
Ln :=
n−
i=1
n−
j=1
1
i+ j − (2 ln 2)n+ ln n (n ∈ N)
as n → ∞, N being the set of positive integers. In an earlier investigation [C.-P. Chen,
H.M. Srivastava, New representations for the Lugo and Euler–Mascheroni constants, Appl.
Math. Lett. 24 (2011) 1239–1244] we established new analytical representations for the
Euler–Mascheroni constant γ in terms of the psi (or digamma) function ψ(z), gave the
bounds for the difference L − Ln and presented a new sequence which was shown
to converge to Lugo’s constant L. In this following article, we establish several further
(presumably new) analytical representations for the Euler–Mascheroni constant γ in terms
of the psi (or digamma) function ψ(z).
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction, definitions and motivation
The familiar Euler constant (or, more popularly, the Euler–Mascheroni constant) γ was first introduced by Leonhard
Euler (1707–1783) in 1734 as follows:
γ = lim
n→∞Dn

Dn :=
n−
k=1
1
k
− ln n; n ∈ N := {1, 2, 3, . . .}

∼= 0.57721 56649 01532 86060 6512 09008 24024 31042 . . . . (1)
The constant γ is closely related to the celebrated gamma function Γ (x) by means of the familiar Weierstrass formula
[1, p. 255, Equation (6.1.3)] (see also [2, Chapter 1, Section 1.1]):
1
Γ (z)
= zeγ z
∞∏
n=1

1+ z
n

e−z/n

(|z| <∞). (2)
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The Euler–Mascheroni constant γ plays an important rôle in many different areas of Mathematical Analysis such as (for
example) the Theory of Special Functions of Applied Mathematics and Mathematical Physics and occurs frequently in
Number Theory when we investigate (for instance) the order of magnitude of arithmetical functions (see [3]).
Lugo [4] considered the sequence (Ln)n∈N, which is essentially an interesting analogue of the sequence (Dn)n∈N occurring
in (1), defined by
Ln :=
n−
i=1
n−
j=1
1
i+ j − (2 ln 2)n+ ln n. (3)
In fact, Lugo [4] proved the following asymptotic formula:
Ln ∼ −12 − γ + ln 2−
5
8n
+ 7
48n2
+ O(n−3) (n →∞). (4)
Clearly, we find from (4) that
L := lim
n→∞ Ln = −
1
2
− γ + ln 2, (5)
where L is usually called Lugo’s constant.
Recently, Chen and Srivastava [5] proved Theorem 1 below, which provides new analytical representations for the
Euler–Mascheroni constant γ in terms of the psi (or digamma) function ψ(z) defined by
ψ(z) := d
dz
{lnΓ (z)} = Γ
′(z)
Γ (z)
or lnΓ (z) =
∫ z
1
ψ(t) dt.
Theorem 1. Let n be a positive integer. Then
γ = −
n−
i=1
n−
j=1
1
i+ j + ln 2− 1+

n+ 1
2

ψ

n+ 1
2

−

n+ 3
2

ψ(n)+ (2 ln 2)n− 3
2n
(n ∈ N). (6)
For the psi (or digamma) function ψ(z), we recall the following well-known properties and results. Thus, for example,
we have the integer values given by [1, p. 258, Equation (6.3.2)]:
ψ(1) = −γ and ψ(n+ 1) = −γ +
n−
k=1
1
k
, (7)
the recurrence formula [1, p. 258, Equation (6.3.5)]:
ψ(z + 1) = ψ(z)+ 1
z
, (8)
the duplication formula [1, p. 259, Equation (6.3.8)]:
ψ(2z) = 1
2
[
ψ(z)+ ψ

z + 1
2
]
+ ln 2 (9)
and the multiplication formula [1, p. 260, Equation (6.4.8)]:
ψ(3z) = 1
3
[
ψ(x)+ ψ

x+ 1
3

+ ψ

x+ 2
3
]
+ ln 3. (10)
The following asymptotic formula is also known for the psi (or digamma) function ψ(z) [1, p. 259]:
ψ(z) ∼ ln z − 1
2z
−
∞−
n=1
B2n
(2n)z2n
= ln z − 1
2z
− 1
12z2
+ 1
120z4
− 1
252z6
+ · · · (z →∞; | arg(z)| 5 π − ϵ (0 < ϵ < π)), (11)
where
B0 = 1, B1 = −12 , B2 =
1
6
, B4 = − 130 , B6 =
1
42
, B8 = − 130 ,
B10 = 566 , . . . , and B2n+1 = 0 (n ∈ N)
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{Bn}n∈N0 being the Bernoulli numbers defined by the following generating function:
z
ez − 1 =
∞−
n=0
Bn
zn
n! (|z| < 2π;N0 := N ∪ {0}).
It follows from (9) to (11) that
ψ

z + 1
2

∼ ln z + 1
24z2
− 7
960z4
+ 31
8064z6
− · · · (z →∞; | arg(z)| 5 π − ϵ (0 < ϵ < π)) (12)
and
ψ

z + 1
3

+ ψ

z + 2
3

∼ 2 ln z + 1
18z2
− 13
1620z4
+ 121
30618z6
− · · · (z →∞; | arg(z)| 5 π − ϵ (0 < ϵ < π)). (13)
Upon substituting from (11) and (12) (with z = n) into (6), we find the following asymptotic formula for Ln:
Ln ∼ −12 − γ + ln 2−
5
8n
+ 7
48n2
− 1
64n3
− 31
1920n4
+ 1
128n5
+ 127
16128n6
+ · · · (n →∞). (14)
Motivated naturally by our earlier investigation in [5], here we prove Theorem 2 below, which establishes the
representation formula for the Euler–Mascheroni constant γ . In fact, the representation formula (15) is an analogue
of (6).
Theorem 2. Let n be a positive integer. Then
γ =
n−
i=1
n−
j=1
n−
k=1
1
i+ j+ k + 3 ln 2− ln 3−
3
2
− 1
6

(9n+ 11)ψ(n)− 9(2n2 + 3n+ 1)ψ

n+ 1
2

+ (9n2 + 9n+ 2)
[
ψ

n+ 1
3

+ ψ

n+ 2
3
]
− 9(4 ln 2− 3 ln 3)n2 − 27(2 ln 2− ln 3)n+ 11
n

. (15)
Let the sequence (Mn)n∈N, which is essentially an interesting analogue of the sequence (Ln)n∈N occurring in (3), be defined
by
Mn :=
n−
i=1
n−
j=1
n−
k=1
1
i+ j+ k − ln n− 9

ln 2− 1
2
ln 3

n+ 3

3
2
ln 3− 2 ln 2

n2 (n ∈ N). (16)
Upon substituting from (11) to (13) (with z = n ∈ N) into (15), we find the following asymptotic formula forMn:
Mn ∼ γ − 3 ln 2+ ln 3+ 1724 +
11
16n
− 323
1728n2
+ 115
3456n3
+ 523
29160n4
− 3233
186624n5
− 523811
94058496n6
+ · · · (n →∞). (17)
Clearly, we find from (17) that
lim
n→∞Mn = γ − 3 ln 2+ ln 3+
17
24
. (18)
Choi [6] summarized some known representations for the Euler–Mascheroni constant γ . For a rather impressive
collection of various classes of integral representations for the Euler–Mascheroni constant γ , the interested reader may
be referred to a recent paper by Choi and Srivastava [7] (see also several closely-related recent investigations including, for
example, [8,9]).
2. A set of lemmas
Before proving Theorem 2, we first include here some preliminary results.
Lemma 1. Let n be a positive integer. Then
n−
k=1
ψ(k) = nψ(n+ 1)− n. (19)
Proof. We prove the representation formula (19) by using the principle of mathematical induction on n.
Clearly, for n = 1, (19) holds true.
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We assume now that the formula (19) holds true for a fixed positive integer n. Then, for n → n+ 1 in (19), we have
n+1−
i=1
ψ(i) =
n−
i=1
ψ(i)+ ψ(n+ 1)
= nψ(n+ 1)− n+ ψ(n+ 1)
= (n+ 1)ψ(n+ 1)− n
= (n+ 1)

ψ(n+ 2)− 1
n+ 1

− n
= (n+ 1)ψ(n+ 2)− (n+ 1).
The proof of the formula (19) is thus completed by means of the principle of mathematical induction on n. 
Lemma 2. Let n be a positive integer. Then
n−
i=1
1
i+ 2(n+ 1) = ln 3− ln 2−
1
6
ψ(n+ 1)+ 1
3
ψ

n+ 4
3

+ 1
3
ψ

n+ 5
3

− 1
2
ψ

n+ 3
2

− 1
2(n+ 1) . (20)
Proof. By using the known results (7) to (10), we obtain
n−
i=1
1
i+ 2(n+ 1) =
3n+2−
i=2n+3
1
i
=
3n+2−
i=1
1
i
−
2n+2−
i=1
1
i
= ψ(3(n+ 1))− ψ

2

n+ 3
2

= ln 3− ln 2− 1
6
ψ(n+ 1)+ 1
3
ψ

n+ 4
3

+ 1
3
ψ

n+ 5
3

− 1
2
ψ

n+ 3
2

− 1
2(n+ 1) .
This evidently completes the proof of Lemma 2. 
Lemma 3. Let n be a positive integer. Then
n−
i=1
n−
j=1
1
i+ j+ n+ 1 = −4 ln 2+ 2 ln 3+

n+ 2
3
[
ψ

n+ 4
3

+ ψ

n+ 5
3
]
− 2(n+ 1)ψ

n+ 3
2

+ 2
3
ψ(n+ 1)+ (3 ln 3− 4 ln 2)n+ 1
n+ 1 . (21)
Proof. It follows from (7) that
n−
i=1
n−
j=1
1
i+ j+ n+ 1 =
n−
i=1

ψ(2n+ 2+ i)− ψ(n+ 2+ i)
=
3n+2−
i=2n+3
ψ(i)−
2n+2−
i=n+3
ψ(i). (22)
By using the results (7) to (10) and (19), we obtain
3n+2−
i=2n+3
ψ(i) =
3n+2−
i=1
ψ(i)−
2n+2−
i=1
ψ(i)
= (3n+ 2)ψ 3(n+ 1)− (2n+ 2)ψ 2n+ 3
2

− n
=

n+ 2
3
[
ψ(n+ 1)+ ψ

n+ 4
3

+ ψ

n+ 5
3
]
− (n+ 1)
[
ψ

n+ 3
2

+ ψ(n+ 2)
]
+ (3 ln 3− 2 ln 2− 1)n+ 2 ln 3− 2 ln 2 (23)
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and
2n+2−
i=n+3
ψ(i) =
2n+2−
i=1
ψ(i)−
n+2−
i=1
ψ(i)
= (2n+ 2)ψ

2

n+ 3
2

− (n+ 2)ψ(n+ 3)− n
= (n+ 1)ψ

n+ 3
2

− ψ(n+ 2)+ (2 ln 2− 1)(n+ 1). (24)
Substitution from (23) and (24) into (22) leads us to the desired formula (21). The proof of Lemma 3 is thus completed. 
3. Proof of Theorem 2
We are now in a position to prove Theorem 2.
Proof of Theorem 2. First of all, it is easily observed that the formula (15) is equivalent to the following result:
n−
i=1
n−
j=1
n−
k=1
1
i+ j+ k = γ − 3 ln 2+ ln 3+
3
2
+ 1
6

(9n+ 11)ψ(n)− 9(2n2 + 3n+ 1)ψ

n+ 1
2

+ (9n2 + 9n+ 2)
[
ψ

n+ 1
3

+ ψ

n+ 2
3
]
− 9(4 ln 2− 3 ln 3)n2 − 27(2 ln 2− ln 3)n+ 11
n

. (25)
We now prove the representation formula (25) by using once again the principle of mathematical induction on n.
For n = 1, we find from (25) that
1−
i=1
1−
j=1
1−
k=1
1
i+ j+ k = γ − 3 ln 2+ ln 3+
3
2
+ 1
6

20ψ(1)− 54ψ

3
2

+ 20
[
ψ

4
3

+ ψ

5
3
]
− 90 ln 2+ 54 ln 3+ 11

= 1
3
,
which shows that the formula (25) holds true for n = 1.
We assume now that the formula (25) holds true for a fixed positive integer n. Then, for n → n+ 1 in (25), we have
n+1−
i=1
n+1−
j=1
n+1−
k=1
1
i+ j+ k =
n−
i=1
n−
j=1
n−
k=1
1
i+ j+ k + 3
n−
i=1
n−
j=1
1
i+ j+ n+ 1
+ 3
n−
i=1
1
i+ 2(n+ 1) +
1
3(n+ 1) (n ∈ N). (26)
Substituting from (20), (21) and (25) into (26) leads us to the desired result:
n+1−
i=1
n+1−
j=1
n+1−
k=1
1
i+ j+ k = γ − 3 ln 2+ ln 3+
3
2
+ 1
6

(9(n+ 1)+ 11)ψ(n+ 1)− 9(2(n+ 1)2 + 3(n+ 1)+ 1)ψ

n+ 3
2

+ (9(n+ 1)2 + 9(n+ 1)+ 2)
[
ψ

n+ 4
3

+ ψ

n+ 5
3
]
− 9(4 ln 2− 3 ln 3)(n+ 1)2 − 27(2 ln 2− ln 3)(n+ 1)+ 11
n+ 1

.
The proof of the formula (25) is thus completed by means of the principle of mathematical induction on n. 
We choose to conclude our presentation by remarking that, by appealing appropriately to the methodology and
techniques developed here as well as those in our earlier investigation [5], one can find analogous representations and
other formulas, not only for the Lugo constant L and the Euler–Mascheroni constant γ , but also for various other important
mathematical constants (see, for details, [6,2]).
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